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Superlogarithmic estimates on
pseudoconvex domains and CR manifolds
By J. J. Kohn*
Abstract
This paper is concerned with proving superlogarithmic estimates for the
operator ✷b on pseudoconvex CR manifolds and using them to establish hy-
poellipticity of ✷b and of the ∂¯-Neumann problem. These estimates are estab-
lished under the assumption that subellipticity degenerates in certain specified
ways.
1. Introduction
Let Ω ⊂ X be a domain with a smooth boundary in a complex manifoldX.
If h is a holomorphic function on Ω which is smooth up to the boundary we
denote by h˙ the restriction of h to the boundary of Ω. Then h˙ satisfies the
the tangential Cauchy-Riemann equations: ∂¯bh˙ = 0. The operator ∂¯b can be
extended to forms on the boundary; this extension is useful in studying the
boundary values of ∂¯-closed forms (see [KR]). In [K1] I defined ∂¯b and the
associated Laplacian
(1.1) ✷b = ∂¯b∂¯
∗
b + ∂¯
∗
b ∂¯b
on forms on abstract CR manifolds. The operator ✷b is then used to study
∂¯b. The analysis of ✷b on (p, q)-forms on compact strongly pseudoconvex CR
manifolds M of dimension greater than three with 0 < q < 1/2(dimM − 1)
is carried out in [K1]. To analyze the operator ✷b on (p, q)-forms with 0 ≤
q ≤ 1/2(dimM − 1) and dimM ≥ 3 we need to use microlocal analysis; see
[K3]. Microlocal analysis is also used to prove that the operators ∂¯b and ✷b
have a closed range if M is the boundary of a domain in a Stein manifold (see
[K4]). In this paper we show how microlocal estimates for ✷b imply estimates
for the ∂¯-Neumann problem. In particular we investigate superlogarithmic
estimates but the technique presented here works for subelliptic and other
types of estimates as well.
∗Research was partially supported by NSF Grant DMS-9801626.
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Let M be a pseudoconvex CR manifold of dimension 2n− 1. We say that
✷b is hypoelliptic at xo ∈M if whenever ✷bϕ is C∞ in some neighborhood of
xo then ϕ is C
∞ in a neighborhood of xo. If ✷b is hypoelliptic on (0, 1) forms
then we conclude that: 1. The restriction of ∂¯b to the orthogonal complement
of square integrable CR functions (i.e. functions in the null space of ∂¯b) is
hypoelliptic. 2. If the square integrable function f is C∞ in a neighborhood
of xo ∈ M then Sbf , the orthogonal projection of f to the space of square-
integrable CR functions, is also C∞ in the same neighborhood.
Hypoellipticity is a consequence of subellipticity (see [KN]). The operator
✷b is subelliptic at xo if there exist a neighborhood U and positive constants ε
and C such that
(1.2) ‖ϕ‖2ε ≤ C(✷bϕ,ϕ) = CQb(ϕ,ϕ),
for all ϕ ∈ C∞0 (U). Such estimates for the closely related ∂¯-Neumann problem
have been studied extensively. The necessary and sufficient condition for such
an estimate to hold for the ∂¯-Neumann problem near a point in the boundary
of a pseudoconvex domain is that the D’Angelo type at the point is finite (see
[D] and [C]). The approach to the problem taken in [K2] is via subelliptic
multipliers; this leads to the condition of “finite ideal type”, which is sufficient
for subellipticity. This condition is probably equivalent to the finite D’Angelo
type. In the appendix there is a discussion of these matters and of their
extension to CR manifolds.
Throughout this paper we will deal with (p, q)-forms. However, in all
proofs we will restrict ourselves to the case of (0, q)-forms, since we consider
only local properties where the extension from type (0, q) to type (p, q) is trivial.
To prove a priori estimates for (0, q)-forms we will write the decomposition
ϕ = ϕ0+ϕ++ϕ−; the precise definition will be given in the next section. The
method is to prove estimates analogous to (1.2) with ϕ replaced by ϕ0, ϕ+,
and ϕ−, respectively. The case of ϕ0 being particularly simple, we have
(1.3) ‖ϕ0‖21 ≤ CQb(ϕ0, ϕ0);
this is the “elliptic” case with ε = 1 and holds on all CR manifolds. To study
the other microlocalizations we consider the ideals I+q (x0) and I−q (x0) defined
(approximately) as follows (the precise definition will be given in Section 5).
The ideal I+q (x0) consists of all germs of C∞ functions at x0 such that ρ ∈
I+q (x0) if
(1.4) ‖ρϕ+‖2ε ≤ C
(
Qb(ϕ
+, ϕ+) + ‖ϕ+‖2),
and ρ ∈ I−q (x0) if
(1.5) ‖ρϕ−‖2ε ≤ C
(
Qb(ϕ
−, ϕ−) + ‖ϕ−‖2).
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Thus if 1 ∈ I+q (x0) ∩ I−q (x0) we obtain (1.2). In the appendix we give explicit
formulas for elements of these ideals and also the definition of finite ideal q-
type. In general we have I+q (x0) ⊂ I+q′ (x0) if q ≤ q′ and I+q (x0) = I−n−q−1(x0).
Hence,
I+q (x0) ∩ I−q (x0) =
{
I+q (x0) if q ≤ 12(n− 1)
I−q (x0) if q ≥ 12(n− 1)
.
We also have I+0 (x0) = I−n−1(x0) = {0} and so the estimate (1.2) cannot
hold for (0, 0)-forms, i.e. functions, or for (0, n − 1)-forms. In fact, for pseu-
doconvex compact CR manifolds, the nullspaces of ✷b on functions and on
(0, n − 1)-forms are in general infinite-dimensional (on boundaries of domains
in complex manifolds ✷bh = 0 is equivalent to the condition that h is the re-
striction of a holomorphic function). It is then natural to impose the global
condition of orthogonality to the nullspace of ✷b but even this assumption is
not sufficient. Rossi (see [R]) has given an example of a strongly pseudoconvex
three-dimensional CR manifold for which the Szego¨ projection does not pre-
serve smoothness and hence the restriction of ✷b to the orthogonal complement
of its nullspace is not hypoelliptic. In [K3] it is shown that for compact pseu-
doconvex CR manifolds on which the range of ∂¯b is closed in L2 and for which
1 ∈ I+1 (x0) the restriction of ✷b to the orthogonal complement of its nullspace
is globally hypoelliptic. This closed-range property is proved for compact CR
manifolds that are boundaries of domains in Stein manifolds (see [K4]).
The problem is to find conditions under which hypoellipticity holds when
subellipticity fails. The most desirable condition is a purely geometric con-
dition such as in Fedii’s theorem (see [F]), which states that the operator
∂2
∂x2
+ a(x) ∂
2
∂y2
with a ∈ C∞ is hypoelliptic if a(x) > 0 when x 6= 0. In [K6]
Fedii’s result is generalized to degenerate subelliptic operators in any dimen-
sion. This phenomenon appears on CR manifolds; thus on a pseudoconvex
CR manifold ✷b is hypoelliptic in a neighborhood U of xo if it is subelliptic at
all x with x 6= xo. The natural geometric condition for hypoellipticity seems
to be that the points where subellipticity fails are contained in a real curve
transversal to the “good” directions (i.e. the tangent vectors to the curve do
not lie in T (1,0) + T (0,1)); this is true for certain classes of CR manifolds (see
[K5] and [K6]) but Christ has shown that it is false in general (see [Ch2]).
The example of Kusuoka and Stroock (see [KS]) illustrates that, in general,
the geometry alone of the set on which the operator degenerates does not give
sufficient information to determine whether it is hypoelliptic. They study the
operator ∂
2
∂x2 + a
2(x) ∂
2
∂y2 +
∂2
∂z2 in R
3 with a(x) 6= 0 if x 6= 0 and prove that
it is hypoelliptic if and only if limx→0 x log a(x) = 0. Hypoellipticity of such
operators is obtained by use of superlogarithmic estimates (see [Ch1] and [M]).
Superlogarithmic estimates for ✷b are formulated as follows.
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Definition 1.1. If M is a CR manifold and xo ∈ M then a superloga-
rithmic estimate holds for ✷b on positively microlocalized (p, q)-forms at xo if
there exists a neighborhood U of xo such that for each δ > 0 there exists Cδ
such that
(1.6) ‖(log Λ)ϕ+‖2 ≤ δQb(ϕ+, ϕ+) + Cδ‖ϕ+‖2,
for all (p, q) forms ϕ with support in U . Here Λ denotes the square root of
the Laplacian. A superlogarithmic estimate holds for ✷b on negatively microlo-
calized (p, q)-forms at xo if the above holds with ϕ
+ replaced by ϕ−. In that
case
(1.7) ‖(log Λ)ϕ−‖2 ≤ δQb(ϕ−, ϕ−) + Cδ‖ϕ−‖2.
Here we will prove superlogarithmic estimates of the form (1.6) and (1.7)
when there exists a subelliptic multiplier ρ which may go to zero on a subman-
ifold S at a controlled rate. The condition which we will use is the following:
(1.8) lim
x→S
d(x, S) log |ρ(x)| = 0,
where d(x, S) denotes the distance from x to S. Our results will impose con-
ditions on the holomorphic dimension of S; this concept will be recalled in
Section 4.
Theorem 1.2. Let M be a pseudoconvex CR manifold. Let S ⊂ M
be a manifold such that the holomorphic dimension of S at each point is less
than or equal to q − 1. Let x0 ∈ S and ρ ∈ I+q (x0). Suppose that ρ satisfies
(1.8); then there exists a neighborhood U of x0 on which the superlogarithmic
estimate (1.6) is satisfied for all (0, q)-forms with support in U .
Theorem 1.3. Let M be a pseudoconvex CR manifold. Let S ⊂M be a
manifold such that the holomorphic dimension of S at each point is less than
or equal to n − q − 2. Let x0 ∈ S and ρ ∈ I−q (x0). Suppose that ρ satisfies
(1.8); then there exists a neighborhood U of x0 on which the superlogarithmic
estimate (1.7) is satisfied for all (0, q)-forms with support in U .
One of the crucial steps in proving these results is the following localization
lemma, which may be of independent interest.
Lemma 1.4 (Localization Lemma). Let M be pseudoconvex CR manifold
and let S ⊂ M be a submanifold of holomorphic dimension less than or equal
to m. Let x0 ∈ S. For small positive a let Sa denote the set of x ∈ M such
that d(x, S) < a. Then there exists a neighborhood U of x0 and a constant C
such that
(1.9) ‖ϕ+‖2Sa ≤ C
(
a2Qb(ϕ
+, ϕ+) + ‖ϕ+‖2M−Sa + ‖ϕ+‖2−1
)
,
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for all (p, q)-forms ϕ with q ≥ m+ 1 supported in U . Furthermore,
(1.10) ‖ϕ−‖2Sa ≤ C
(
a2Qb(ϕ
−, ϕ−) + ‖ϕ−‖2M−Sa + ‖ϕ+‖2−1
)
,
for all (p, q)-forms ϕ with q ≤ n − m − 2 supported in U . Here ‖ ‖Sa and
‖ ‖M−Sa denote L2-norms over Sa and M − Sa, respectively.
These theorems imply that the superlogarithmic estimate
(1.11) ‖(log Λ)ϕ‖2 ≤ δQb(ϕ,ϕ) + Cδ‖ϕ‖2
holds, when M is pseudoconvex, for (0, q)-forms supported in U whenever
(1.8) with ρ ∈ I+q (xo) ∩ I−q (xo) holds for S of holomorphic dimension m ≤
min{q − 1, n − q − 2}. Note that the estimate (1.11) cannot hold if q = 0 or
q = n− 1.
The superlogarithmic estimates (1.6), (1.7), and (1.11) imply the following
results concerning hypoellipticity.
Theorem 1.5. Let M be a pseudoconvex CR manifold and let x0 ∈ M
such that (1.11) holds for (p, q)-forms supported in a neighborhood U of x0.
Suppose that ϕ and α are (p, q)-forms on M in L2(M) such that ✷b(ϕ) = α.
Suppose further that the restriction of α to U is in C∞(U). Then the restriction
of ϕ to U is also in C∞(U).
Denote by Hp,qb (M) the nullspace of ✷b on (p, q)-forms. If M is compact
and if (1.11) holds for (p, q)-forms in some neighborhood of every point of M
then Hp,qb (M) consists of C∞ forms and is finite-dimensional. Furthermore,
under this assumption, we have the following hypoellipticity consequences:
(a) Whenever α ∈ L2(M) and α ⊥ Hp,qb (M) the equation ✷b(ϕ) = α has
a unique solution ϕ ⊥ Hp,qb (M).
(b) If ∂¯bα = 0 then there exists a unique (p, q − 1)-form ψ such that
∂¯bψ = α and ψ is perpendicular to the nullspace of ∂¯b; the restriction of ψ to
any open set on which α is C∞ is also C∞.
(c) Dually, if ∂¯∗bα = 0 then there exists a unique (p, q + 1)-form θ such
that ∂¯∗b θ = α and θ is perpendicular to the nullspace of ∂¯
∗
b ; the restriction of θ
to any open set on which α is C∞ is also C∞.
(d) The orthogonal projection operators on Hp,qb (M) and on the nullspaces
of ∂¯b and ∂¯b are pseudolocal (that is, the the operator applied to a form is C
∞
on the open set on which the form is C∞).
The next theorem deals with the cases of (p, n − 1) and (p, 0)-forms. To
deal with these we will assume that the range of ∂¯b on functions is closed.
We will also assume that the estimate (1.6) holds for (p, n− 1)-forms which is
218 J. J. KOHN
equivalent to (1.7) for (p, 0)-forms. In view of the above results these conditions
are satisfied when M is pseudoconvex and there exists ρ ∈ I−1 (x0) which
satisfies (1.8) with S of holomorphic dimension zero (i.e. S totally real).
Theorem 1.6. Let M be a CR manifold such that the range of ∂¯b on
functions is closed. Let x0 ∈ M such that (1.6) holds for (p, n − 1)-forms
and (1.7) holds for (p, 0)-forms supported in a neighborhood U of x0. Suppose
that ϕ and α are (p, n − 1)-forms, on M in L2(M), which are orthogonal to
Hp,n−1b (M), such that ✷b(ϕ) = α. Suppose further that the restriction of α to
U is in C∞(U). Then the restriction of ϕ to U is also in C∞(U). Dually,
the same holds when ϕ and α are (p, 0)-forms, on M in L2(M), which are
orthogonal to Hp,0b (M), such that ✷b(ϕ) = α.
Now the spaces Hp,0b (M) and Hp,n−1b (M) are, in general, infinite dimen-
sional. Nevertheless, if (1.5) holds for (p, n − 1)-forms at each point of M we
have the properties:
(a) The closed range of ∂¯b on functions implies that ✷b has closed range
on all forms. Hence, for q = 0 and q = n − 1, whenever α ∈ L2(M) and
α ⊥ Hp,n−1b (M) the equation ✷b(ϕ) = α has a unique solution ϕ ⊥ Hp,n−1b (M).
(b) If α is a (p, n − 1)-form orthogonal to Hp,n−1(M) with ∂¯bα = 0 then
there exists a unique (p, n−2)-form ψ such that ∂¯bψ = α and ψ is perpendicular
to the nullspace of ∂¯b; the restriction of ψ to the open set on which α is C
∞ is
also C∞.
(c) Dually, if α is a (p, 0)-form orthogonal to Hp,0b (M) with ∂¯∗bα = 0 then
there exists a unique (p, 1)-form θ such that ∂¯∗b θ = α and θ is perpendicular
to the nullspace of ∂¯∗b ; the restriction of θ to the open set on which α is C
∞ is
also C∞.
(d) The orthogonal projection operators on Hp,0b (M), Hp,n−1b (M) and on
the nullspaces of ∂¯b in (p, n− 2)-forms and ∂¯b in (p, 1)-forms are pseudolocal.
Finally we take up the applications of superlogarithmic estimates to the
∂¯-Neumann problem. Let Ω be a domain in a complex n-dimensional manifold
X. Assume that the boundary of Ω, denoted by bΩ, is C∞. For (p, q)-forms
on Ω we define the operator ✷ by
(1.12) ✷ = ∂¯∂¯∗ + ∂¯∗∂¯,
where ∂¯∗ is the L2 adjoint of ∂¯. Then ✷ϕ is a form whose components
are Laplacians of the corresponding components of ϕ which satisfies the ∂¯-
Neumann boundary conditions: ϕ is contained in the domain of ∂¯∗ on (p, q)-
forms and ∂¯ϕ is contained in the domain of ∂¯∗ on (p, q+1)-forms. Let Hp,q(Ω)
denote the null space of ✷. Then we have:
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Theorem 1.7. Suppose that x0 ∈ bΩ and suppose that (1.6) holds for
(p, q)-forms on bΩ supported in U ∩ bΩ¯, where U is a neighborhood of x0 in X
and 1 ≤ q ≤ n − 2. Suppose further that ✷ϕ = α with α a (p, q)-form in L2
whose restriction to U ∩ Ω¯ is in C∞. Then the restriction of ϕ to U ∩ Ω¯ is
in C∞.
Note that the hypothesis of the above theorem is satisfied if bΩ is pseu-
doconvex and if there exists ρ ∈ I+q (xo) satisfying (1.8) with S of holomorphic
dimension less than or equal to q − 1. The theorem has consequences which
are analogous to those of Theorem 1.5 listed above.
Theorem 1.8. Suppose that x0 ∈ bΩ and suppose that (1.6) holds for
(p, n − 1)-forms on bΩ supported in U ∩ bΩ¯, where U is a neighborhood of x0
in X. Suppose that X is a Stein manifold and that Ω is pseudoconvex with Ω¯
compact. Suppose further that ✷ϕ = α with α a (p, n − 1)-form in L2 whose
restriction to U ∩ Ω¯ is in C∞. Then, if ϕ ⊥ Hp,n−1(Ω), the restriction of ϕ to
U ∩ Ω¯ is in C∞.
Note that the hypotheses of this theorem are satisfied if there exists ρ ∈
I+n−1(xo) satisfying (1.8) with S of holomorphic dimension less than or equal
to n − 1. Again, the consequences of this theorem are entirely analogous to
those of Theorem 1.6 listed above.
Here I wish to express my thanks to M. Christ; communication with him
led to the research presented here. I am also indebted to him for supplying the
example discussed at the end of Section 4. I also thank Siqi Fu and the referee
for going through the original manuscript and suggesting several improvements
and clarifications.
2. Definitions and preliminaries
Definition 2.1. Let M be a 2n − 1 dimensional differentiable manifold.
Denote by CT(M) the complexified tangent bundle of M . An integrable CR
structure on M is given by a subbundle T 1,0 ⊂ CT (M) with the following
properties. If T 0,1 denotes the conjugate of T 1,0 then T 1,0x ∩ T 0,1x = {0} for
all x. The subbundle T 1,0 ⊕ T 0,1 is of codimension one. If L and L′ are local
vector fields with values in T 1,0 then the commutator [L,L′] = LL′ −L′L also
has values in T 1,0. We say M is a CR manifold if M has a given integrable
CR structure.
Definition 2.2. A form of type (p, q) at x ∈ M is a skew-symmetric
multilinear map
ϕ : T 1,0x × · · · × T 1,0x︸ ︷︷ ︸
p
×T 0,1x × · · · × T 0,1x︸ ︷︷ ︸
q
→ C.
The bundle of (p, q)-forms is denoted by Ap,qb .
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Definition 2.3. The operator ∂¯b : Ap,qb → Ap,q+1b is defined as follows. If
ϕ ∈ Ap,q let ϕ′ be a (p, q)-form which restricted to ∏p T 1,0 ×∏q T 0,1 equals
ϕ. Then ∂¯bϕ is the restriction of dϕ
′ to
∏
p T
1,0 × ∏q+1 T 0,1. The operator
∂¯∗b : Ap,qb → Ap,q−1b is the L2-adjoint of ∂¯b.
Definition 2.4. Denote by θ a nonvanishing real 1-form which annihilates
T 1,0 ⊕ T 0,1. Then the Levi form on M is the hermitian form on T 1,0 given by√−1dθ(L, L¯′), where L and L′ are in T 1,0. Now, M is pseudoconvex if for some
choice of θ the Levi form is nonnegative.
Let L1, . . . , Ln−1 be a local basis for (1, 0) vectorfields in a neighborhood U
of xo ∈M and let ω1, . . . , ωn−1 be the dual basis of (1, 0)-forms. If u ∈ C∞(U),
∂¯b(u) =
∑
j
L¯j(u)ω¯j .
If ϕ =
∑
ϕj ω¯j is a (0, 1)-form on U ,
∂¯bϕ =
∑
i<j
(
L¯jϕi − L¯iϕj +
∑
k
akijϕk
)
ω¯i ∧ ω¯j
and
∂¯∗bϕ = −
∑
i
(Li(ϕi) + aiϕi),
where akij, ai ∈ C∞(U).
In general the operator ∂¯b : A0,qb → A0,q+1b is expressed as follows. Let
ϕ ∈ A0,qb be the form given locally by:
ϕ =
∑
I
ϕI ω¯I ,
where I is the q-tuple of integers I = (i1, . . . , iq) with 0 < i1 < · · · < iq ≤ n−1
and where ω¯I = ω¯i1 ∧ · · · ∧ ω¯iq . Then
∂¯bϕ =
∑
K
∑
j /∈I
ǫjIK L¯jϕI + aIKϕI
 ω¯K ,
where K runs through all strictly increasing (q + 1)-tuples and each of the
coefficients ǫjIK is either 0, 1, or −1 and is defined as follows. First, if j /∈ I we
denote by 〈jI〉 the ordered q-tuple containing j and the elements of K. Then
we define
ǫjIK =
{
0 if j /∈ K
sgn
(
jI
K
)
if j ∈ K,
where sgn
(
jI
K
)
denotes the sign of the permutation {j, I} → K. Further,
∂¯∗bϕ = −
∑
H
 ∑
i,I⊃H
ǫiHI LiϕI + aHϕH
 ω¯H ,
where H runs through all strictly increasing (q − 1)-tuples and aIK , aH ∈
C∞(U).
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We choose real coordinates {x1, . . . x2n−1} with the origin at xo such that,
θ( ∂∂x2n−1 ) > 0 and such that, setting zi = xi+
√−1xi+n−1 for i = 1, . . . , n− 1,
we have Li|xo = ∂∂zi |xo . Set T = −
√−1 ∂∂x2n−1 . Then the Levi form can be
written as cij = dθ(Li, L¯j) and we have
[Li, L¯j ] = cijT +
∑
k
(dkijLk + e
k
ijL¯k),
where dkij , e
k
ij ∈ C∞(U).
Let {ξ1, . . . , ξ2n−1} be the dual coordinates to {x1, . . . , x2n−1} and |ξ|2 =∑
i ξ
2
i . Let ψ
+ and ψ˜+ be nonnegative functions in C∞({ξ ∈ R2n−1
∣∣∣∣|ξ| = 1}),
with range in [0, 1], such that
supp(ψ+) ⊂ {|ξ| = 1
∣∣∣ ξ2n−1 ≥ 1
2
|ξ′|},
supp(ψ˜+) ⊂ {|ξ| = 1
∣∣∣ ξ2n−1 ≥ 1
4
|ξ′|},
ψ+(ξ) = 1 when ξ2n−1 ≥ 34 |ξ′| and ψ˜+(ξ) = 1 when ξ2n−1 ≥ 13 |ξ′|. Here ξ′ =
(ξ1, . . . ξ2n−2). We extend these functions to R2n−1 so that ψ+(ξ) = ψ+( ξ|ξ|)
and ψ˜+(ξ) = ψ˜+( ξ|ξ|), for |ξ| ≥ 1 and so that ψ+(ξ) = ψ˜+(ξ) = 0 for |ξ| < 12
with ψ˜+(ξ) = 1 on supp(ψ+). Set ψ−(ξ) = ψ+(−ξ), ψ˜−(ξ) = ψ˜+(−ξ) and
ψ0 = 1− ψ+ − ψ−. Define ψ˜0 so that ψ˜0 = 1 on a neighborhood of supp(ψ0)
and so that
supp(ψ˜0) ⊂ {|ξ| < 2} ∪ {|ξ2n−1| < 3
4
|ξ′|}.
The operator Ψ is defined by
Ψ̂u(ξ) = ψ(ξ)uˆ(ξ).
The operators Ψ+, Ψ−, Ψ0, Ψ˜+, Ψ˜−, and Ψ˜0 are defined as above with sub-
stitution of ψ+, ψ−, ψ0, ψ˜+, ψ˜−, and ψ˜0 for ψ, respectively.
The microlocal decomposition ϕ = ϕ+ +ϕ− +ϕ0, alluded to in the intro-
duction, is now interpreted as follows:
ϕ = ζΨ+ϕ+ ζΨ−ϕ+ ζΨ0ϕ,
for all ϕ ∈ C∞0 (U), where ζ ∈ C∞0 (U ′), U¯ ⊂ U ′ and ζ = 1 on U . The
microlocalization ϕ+ is also sometimes interpreted as ζΨ˜+ϕ and similarly with
ϕ− and ϕ0.
The following lemma is a consequence of the general G˚arding inequality;
here we give a proof which does not invoke the general case.
Lemma 2.5. Let (aIJ) be a matrix of C
∞ functions on U ′ which is non-
negative. Let U ⊂ U¯ ⊂ U ′, ζ ∈ C∞0 (U ′) with ζ = 1 on U and σ ∈ C∞(U ′) with
σ ≤ 2. Then, if U ′ is sufficiently small,
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∑
IJ
(aIJσTζΨ
+ϕI , σζΨ
+ϕJ ) ≥ −C
(
max
supp ζ
|D(σ)|+ 1)‖ζΨ+ϕ‖2
+ Cσ‖Ψ+ϕ‖−1‖ζΨ+ϕ‖+ ‖Ψ+ϕ‖2−1
)
,
and∑
IJ
(aIJσTζΨ
−ϕI , σζΨ−ϕJ ) ≥ −C
(
max
supp ζ
|D(σ)|+ 1)‖ζΨ−ϕ‖2
+ Cσ‖Ψ−ϕ‖−1‖ζΨ−ϕ‖+ ‖Ψ−ϕ‖2−1
)
,
where
(2.1) Cσ = max
supp ζ
|D2(σ)|+ max
supp ζ
|D(σ)|2 + 1,
for all ϕ with supp(ϕ) ⊂ U . Here D denotes first partial derivatives.
Proof. Let θ be a conical cutoff function with supp θ ⊂ supp ψ˜+ and θ = 1
on supp ψ+; denoting by Θ the corresponding pseudodifferential operator, we
have
ζΨ+ϕ = ζ(Ψ˜+)2ΘΨ+ϕ = (Ψ˜+)2ζΨ+ϕ+ [ζ, (Ψ˜+)2]ΘΨ+ϕ.
Then, since the supports of the symbols of Θ and of [ζ, (Ψ˜+)2] are disjoint, the
operator [ζ, (Ψ˜+)2]Θ is of order −∞ and we have∑
IJ
(aIJσTζΨ
+ϕI , σζΨ
+ϕJ) =
∑
IJ
(aIJσζ˜T (Ψ˜
+)2ζΨ+ϕI , σζΨ
+ϕJ )
+ O(‖Ψ+ϕ‖2−1),
where ζ˜ ∈ C∞0 (U ′) with ζ˜ = 1 on supp ζ. Let R denote the pseudodifferential
operator of order 1/2 whose symbol is ξ
1
2
2n−1ψ
+(ξ); then T (Ψ˜+)2 = R∗R and∑
IJ
(aIJσTζΨ
+ϕI , σζΨ
+ϕJ ) =
∑
IJ
(
(aIJσζ˜RζΨ
+ϕI , σζ˜RζΨ
+ϕJ)
+ ([aIJσ
2ζ˜, R∗]Rζψ+ϕI , ζψ+ϕJ )
+ O(‖Ψ+ϕ‖2−1)
)
.
The first term on the right is nonnegative and from the pseudodifferential
operator calculus we obtain
‖[aIJσ2ζ˜, R∗]Rζψ+ϕI‖ ≤ C
(
(max
supp ζ
|D(σ)|+ 1)‖ζΨ+ϕ‖ +Cσ‖ζΨ+ϕ‖−1)
)
.
The first inequality in the lemma then follows and the second is proved anal-
ogously.
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3. Weighted microlocal estimates
We begin by discussing the estimate for ζΨ+ϕ for (0, 1)-forms; here the
calculation is more transparent because we do not have to deal with compli-
cated indices. We will then show how the proof generalizes to the case of
(p, q)-forms.
Lemma 3.1. Let M be a pseudoconvex CR manifold of dimension 2n−1,
let xo ∈M and let λ be a real nonnegative C∞ function with s ∈ R+ such that
sλ ≤ 1 and Re
(
LiL¯j(λ)
)
is positive-definite. Then there exists a neighborhood
U of xo and C > 0 such that
s‖ζΨ+ϕ‖2 ≤ C
(
Qb(ζΨ
+ϕ, ζΨ+ϕ) + (s2 max
supp(ζ)
D(λ)2 + 1)‖ζΨ+ϕ‖2(3.1)
+ C(s, λ)‖Ψ+ϕ‖−1‖ζΨ+ϕ‖+ ‖Ψ+ϕ‖2−1
)
,
where
C(s, λ) = s max
supp(ζ)
|D2(λ)|+ s2 max
supp(ζ)
D(λ)2 + 1,
ζ ∈ C∞0 (U), ϕ ∈ A0,1b , supp(ϕ) ⊂ U ′, and U ′ ⊃ U¯ .
Proof. If ϕ ∈ C∞0 (U) then:
‖σ∂¯bϕ‖2 + ‖σ∂¯∗bϕ‖2 =
∑
i<j
‖σ(L¯jϕi − L¯iϕj)‖2(3.2)
+ ‖σ
∑
L¯∗iϕi‖2
+ O
(∑
‖σL¯iϕj‖‖σϕ‖ + ‖σϕ‖2
)
.
We have L¯∗i = −Li + ai. Substituting this in the above we use the following
integrations by parts to “convert” the L into L¯:
(σ2Liu, v) = −(σ2u, L¯iv) +O(‖Li(σ)u‖‖σv‖ + |σu‖‖σv‖)
and
(σ2L¯∗iu, L¯
∗
jv) =
(
σ2Liu,Ljv) +O(‖σu‖‖σv‖
+
∑
(‖σL¯ku‖‖σv‖ + ‖σu‖‖σL¯kv‖
)
= (σL¯ju, σL¯iv) + (σcijTu, σv) + 2(LiL¯j(σ)u, σv)
+ O
(
‖σu‖‖σv‖ + ‖σL¯ju‖‖Li(σ)v‖
+ ‖Li(σ)u‖‖σL¯jv‖+
∑
(‖σL¯ku‖‖σv‖ + ‖σu‖‖σL¯kv‖)
)
.
Let σs = e
sλ; then, substituting σs for σ, we have
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‖σs∂¯∗bϕ‖2 = ‖
∑
i
σsL¯
∗
iϕi‖2
=
∑
i
‖σsL¯∗iϕi‖2 + 2
∑
i<j
Re(σ2s L¯
∗
iϕi, L¯
∗
jϕj)
=
∑
i
‖σsL¯iϕi‖2 + 2
∑
i<j
Re(σ2s L¯jϕi, L¯iϕj)
+ (σscijTϕi, σsϕj) + (LiL¯j(σs)ϕi, σsϕj)
+ O
(
‖σsϕ‖2 +
∑
i,j
‖σsL¯jϕi‖‖Li(σs)ϕj‖+
∑
k
(‖σsL¯kϕ‖‖σsϕ‖)
)
.
Combining this with (3.2) we obtain
‖σs∂¯bϕ‖2 + ‖σs∂¯∗bϕ‖2 =
∑
i,j
(
‖σsL¯iϕj‖2 + (σscijTϕi, σsϕj)
+ Re(LiL¯j(σs)ϕi, σsϕj)
)
+ O
(
‖σsϕ‖2 +
∑
i,j
‖σsL¯jϕi‖‖Li(σs)ϕj‖
+
∑
k
(‖σsL¯kϕ‖‖σsϕ‖)
)
.
Since σs is bounded independently of s,∑
i,j
(
(σscijTϕi, σsϕj) + Re(LiL¯j(σs)ϕi, σsϕj)
)
(3.3)
≤ C
(
Qb(ϕ,ϕ) + ‖ϕ‖2 +
∑
i,j
‖Li(σs)ϕj‖2
)
.
Note that D(σs) = sD(λ)σs and D
2(σs) = sD
2(λ)σs + s
2D(λ)2σs. Then we
have
max
supp(ζ)
|D(σs)| ∼ s max
supp(ζ)
|D(λ)|,
max
supp(ζ)
|D2(σs)| ∼ s max
supp(ζ)
|D2(λ)| + s2 max
supp(ζ)
D(λ)2,
ReLiL¯j(σs) ∼ sReLiL¯j(λ) + s2D(λ)2,
and
Cσs ∼ C(s, λ) = s max
supp(ζ)
|D2(λ)|+ s2 max
supp(ζ)
D(λ)2 + 1,
where Cσs is defined by (2.1).
When we substitute ζΨ+ϕ for ϕ in (3.3) the first term is estimated from
below by
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i,j
(σscijTζΨ
+ϕi, σsζΨ
+ϕj)
≥ −C
(
(smax
suppζ
|D(λ)|‖ζΨ+ϕ‖2 + C(s, λ)‖Ψ+ϕ‖−1‖ζΨ+ϕ‖ + ‖Ψ+ϕ‖2−1
)
.
The second term is estimated from below by
(LiL¯j(σs)ζΨ
+ϕi, σsζΨ
+ϕj) ≥ sC ′‖σsζΨ+ϕ‖2 − s2 max
suppζ
D(λ)2‖ζΨ+ϕ‖2.
Since σs is bounded away from zero independently of s the estimate (3.1)
follows from the above and (3.3) thus proving the lemma.
To generalize the above to (0, q)-forms ϕ =
∑
ϕI ω¯I we define
AIJ(λ) = Re
∑
i,j,K
ǫiKI ǫ
jK
J LiL¯j(λ)
and
cIJ =
∑
i,j,K
ǫiKI ǫ
jK
J cij ,
where K runs over all ordered (q − 1)-tuples. Each of the coefficients ǫiKI is
either 0, 1, or −1 defined as follows. First, if i /∈ K we denote by < iK > the
ordered q-tuple containing i and the elements of K. Then we define
ǫiKI =

0 if i ∈ K
0 if 〈iK〉 6= I
sgn
(
iK
I
)
if 〈iK〉 = I,
where sgn
(
iK
I
)
denotes the sign of the permutation {i,K} → I.
Lemma 3.2. LetM be a pseudoconvex CR manifold of dimension 2n−1, let
xo ∈M and let λ be a real nonnegative C∞ function, s ∈ R+ with sλ ≤ 1, and
suppose that ReAIJ(λ) is positive-definite. Then there exists a neighborhood
U of xo and C > 0 such that
s‖ζΨ+ϕ‖2 ≤ C
(
Qb(ζΨ
+ϕ, ζΨ+ϕ) + (s2 max
supp(ζ)
D(λ)2 + 1)‖ζΨ+ϕ‖2(3.4)
+ C(s, λ)‖Ψ+ϕ‖−1‖ζΨ+ϕ‖ + ‖Ψ+ϕ‖2−1
)
,
where
C(s, λ) = s max
supp(ζ)
|D2(λ)|+ s2 max
supp(ζ)
D(λ)2 + 1,
ζ ∈ C∞0 (U), ϕ ∈ A0,qb , supp(ϕ) ⊂ U ′, and U ′ ⊃ U¯ .
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The proof of this lemma is entirely analogous to the case of (0, 1)-forms.
Integrating by parts as above we obtain the following in place of (3.2)
Re
∑
I,J
(
(σscIJTϕI , σsϕJ ) + (AIJ(σs)ϕI , σsϕJ )
)
(3.5)
≤ C
(
Qb(ϕ,ϕ) + ‖ϕ‖2 + ‖D(σs)ϕ‖2
)
.
Observe that cij ≥ 0 implies that cIJ ≥ 0 since at a point xo we can choose the
{Li} so that cij(xo) = δijcii(x0) and then cIJ(xo) = δIJ
∑
i∈I cii(xo). Hence,
again substituting ζΨ+ϕ for ϕ, we can apply Lemma 2.5 and conclude the
proof of Lemma 3.2.
To microlocalize with Ψ− we define the local conjugate-linear duality map
F q : A0,qb → A0,n−q−1b as follows. If ϕ =
∑
ϕI ω¯I then
(3.6) F q(ϕ) =
∑
ǫII
′
ϕ¯I ω¯I′ ,
where I ′ denotes the strictly increasing (n−q−1)-tuple consisting of all integers
in [1, n − 1] which do not belong to I and ǫII′ is the sign of the permutation
{I, I ′} → 〈{1, . . . , n− 1}〉. Then Fn−q−1F qϕ = ϕ and we have
∂¯bF
qϕ = F q−1∂¯∗bϕ+
∑
aIJ ϕ¯I ω¯J
and
∂¯∗bF
qϕ = F q+1∂¯bϕ+
∑
bHK ϕ¯H ω¯K .
Hence
Qb(F
qϕ,F qϕ) = O(Qb(ϕ,ϕ) + ‖ϕ‖2).
Thus replacing ϕ by F qϕ in (3.5), we obtain
Re
∑
I,J
(
(σscI′J ′T ϕ¯I , σsϕ¯J ) + (AI′J ′(σs)ϕ¯I , σsϕ¯J)
)
(3.7)
≤ C
(
Qb(ϕ,ϕ) + ‖ϕ‖2 + ‖D(σs)ϕ‖2
)
.
Now note that, since T¯ = −T ,
Re
∑
I,J
(σscI′J ′T ϕ¯I , σsϕ¯J) = −Re
∑
I,J
(σscJ ′I′TϕI , σsϕJ ).
Hence, substituting ζΨ−ϕ for ϕ, we proceed as above and obtain the following
result.
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Lemma 3.3. Let M be a pseudoconvex CR manifold of dimension
2n − 1, let xo ∈ M and let λ be a real non-negative C∞ function, s ∈ R+
with sλ ≤ 1, and suppose that ReAI′J ′(λ) is positive-definite. Then there ex-
ists a neighborhood U of xo and C > 0 such that
s‖ζΨ−ϕ‖2 ≤ C
(
Qb(ζΨ
−ϕ, ζΨ−ϕ) + (s2 max
supp(ζ)
D(λ)2 + 1)‖ζΨ−ϕ‖2(3.8)
+ C(s, λ)‖Ψ−ϕ‖−1‖ζΨ−ϕ‖ + ‖Ψ−ϕ‖2−1
)
,
where
C(s, λ) = s max
supp(ζ)
|D2(λ)|+ s2 max
supp(ζ)
D(λ)2 + 1,
ζ ∈ C∞0 (U), ϕ ∈ A0,qb , supp(ϕ) ⊂ U ′, and U ′ ⊃ U¯ .
4. The localization lemma
Definition 4.1. Let S ⊂ M be a submanifold of M ; the holomorphic
dimension of S at xo ∈ S is the dimension of T 1,0xo (M) ∩ CTxo(S) and S is
called totally real if the holomorphic dimension of S at x is zero for all x ∈ S.
We are now in a position to formulate Lemma 1.4 precisely.
Lemma 4.2 (Localization Lemma). Let M be a pseudoconvex CR man-
ifold and let S ⊂ M be a submanifold of holomorphic dimension less than or
equal to m. Let x0 ∈ S. For small positive a let Sa denote the set of x ∈ M
such that d(x, S) < a, where d(x, S) denotes the distance from x to S. Then
there exist positive constants ao, C and neighborhoods U , U
′ of x0, with U¯ ⊂ U ′
and a constant C such that
(4.1) ‖ζΨ+ϕ‖2Sa ≤ C
(
a2Qb(ζΨ
+ϕ, ζΨ+ϕ) + ‖ζΨ+ϕ‖2M−Sa + ‖Ψ+ϕ‖2−1
)
,
for 0 < a < ao, ζ ∈ C∞0 (U) and all (p, q)-forms ϕ with n − 1 ≥ q ≥ m + 1
supported in U ′. Furthermore
(4.2) ‖ζΨ−ϕ‖2Sa ≤ C
(
a2Qb(ζΨ
−ϕ, ζΨ−ϕ) + ‖ζΨ−ϕ‖2M−Sa + ‖Ψ−ϕ‖2−1
)
,
for all (p, q)-forms ϕ with 0 ≤ q ≤ n−m− 2 supported in U ′. Here ‖ ‖Sa and
‖ ‖M−Sa denote L2-norms over Sa and M − Sa, respectively.
Proof. Let f1, . . . , fk be real-valued functions in a neighborhood of xo such
that x ∈ S if and only if fi(x) = 0 for i = 1, . . . , k. Suppose further that the
gradients of the fi are linearly independent. Since the rank of (Lifj|xo) is
greater than or equal to n− 1−m, we can choose ( after renumbering the Li)
functions {g1, . . . gn−1−m} which are real linear combinations of the fi, such
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that Li(gj)|xo = δij when i = 1, . . . n− q−m. Then, setting λ =
∑
g2k we have
AIJ(λ)|xo = 2δIJpI , where I and J are ordered q-tuples so that pI is greater
than or equal to the number of elements in I ∩ {1, . . . , n − 1 − m}. Since
m ≤ q − 1 we have pI > 0 and hence (AIJ(λ)|xo) is positive definite. Thus
there exists a neighborhood U ′ of xo on which Re(AIJ(λ)) is positive definite.
Let ζa ∈ C∞0 (S2a) with ζa = 1 on Sa such that |Dζa| ≤ Ca . Then λ ≤ Ca
and |Li(λ)| ≤ Ca in S2a. Setting s = δa2 with δ sufficiently small so that sλ ≤ 1
in S2a we can apply Lemma 3.2 and obtain
s‖ζaζΨ+ϕ‖2 ≤ C
(
Qb(ζaζΨ
+ϕ, ζaζΨ
+ϕ)(4.3)
+
(
s2 max
supp(ζaζ)
D(λ)2 + 1)‖ζaζΨ+ϕ‖2
+ C(s, λ)‖Ψ+ϕ‖−1‖ζaζΨ+ϕ‖ + ‖Ψ+ϕ‖2−1
)
,
where
C(s, λ) = s max
supp(ζaζ)
|D2(λ)|+ s2 max
supp(ζaζ)
D(λ)2 + 1,
ζ ∈ C∞0 (U), ϕ ∈ A0,qb , supp(ϕ) ⊂ U ′, and U ′ ⊃ U¯ . Dividing both sides of (4.3)
by s and with s = δa2 and ao ≤ δ we have
s max
supp(ζaζ)
D(λ)2 +
1
s
≤ Cδ
and
1
s
C(s, λ) ≤ C.
Hence
‖ζaζΨ+ϕ‖2 ≤ C
(
a2
δ
Qb(ζaζΨ
+ϕ, ζaζΨ
+ϕ) + δ‖ζaζΨ+ϕ‖2
+ ‖Ψ+ϕ‖−1‖ζaζΨ+ϕ‖+ ‖Ψ+ϕ‖2−1
)
.
Thus, since
‖ζΨ+ϕ‖Sa ≤ ‖ζaζΨ+ϕ‖
and
a2Qb(ζaζΨ
+ϕ, ζaζΨ
+ϕ) ≤ a2Qb(ζΨ+ϕ, ζΨ+ϕ) + C‖ζΨ+ϕ‖M−Sa
then (4.1) follows by choosing δ sufficiently small.
To prove (4.2) note that AI′J ′(λ)|xo = 2δI′J ′pI′ , where I ′ and J ′ are or-
dered (n − 1 − q)-tuples so that pI′ is greater than or equal to the number of
elements in I ′ ∩ {1, . . . , n − 1 − m}. Since m ≤ n − q − 2 we have pI′ > 0
and hence (AI′J ′(λ)|xo) is positive definite. Then, proceeding as above, using
Lemma 3.4 instead of Lemma 3.3 we obtain the desired result.
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Note that for ζΨ0ϕ the above estimates are a consequence of ellipticity
and thus hold for all q. Then, when the above estimates hold for ζΨ+ϕ and
ζΨ−ϕ, we obtain the following:
‖ϕ‖2Sa ≤ C
(
a2Qb(ϕ,ϕ) + ‖ϕ‖2M−Sa + ‖ϕ‖2−1
)
.
Substituting 2a for a and ζaϕ for ϕ we get
‖ζaϕ‖2 ≤ C
(
a2Qb(ζaϕ, ζaϕ) + ‖ζaϕ‖2−1
)
.
Choosing U ′ with sufficiently small diameter we get
C‖ζaϕ‖2−1 ≤
1
2
‖ζaϕ‖2.
Thus we obtain:
Corollary 4.3. Let M be pseudoconvex CR manifold and let S ⊂ M
be a submanifold of holomorphic dimension less than or equal to m with m ≤
1
2(n− 3). Let x0 ∈ S. For small positive a let Sa denote the set of x ∈M such
that d(x, S) < a, where d(x, S) denotes the distance from x to S. Then there
exist positive constants ao, C, and a neighborhood U such that
(4.4) ‖ϕ‖2Sa ≤ C
(
a2Qb(ϕ,ϕ) + ‖ϕ‖2M−Sa
)
for 0 < a < ao and all (p, q)-forms ϕ with m + 1 ≤ q ≤ n −m − 2 supported
in U .
M. Christ has pointed out that pseudoconvexity is a crucial assumption
for the estimate (4.4). He has supplied the following example. Let M be a
five-dimensional CR manifold with coordinates (z1, z2, t), whose CR structure
is defined by the vector fields
L1 = ∂z1 − iz¯1∂t, L2 = ∂z2 + iz¯2∂t.
Then we have L¯∗j = −Lj ; setting T = i∂t we have [L1, L¯1] = 2T and [L2, L¯2] =
−2T . Let S be defined by z1 = z2 = 0; then m, the holomorphic dimension
of S, equals zero. Let Sa = {(z1, z2, t)
∣∣∣∣ |z| < a}, with |z|2 = |z1|2 + |z2|2. Let
g = |z|2 − it; then L1g = L¯2g = 0. For each τ > 0 we define the (0, 1)-form ϕτ
by ϕτ = f τζω¯1, where f
τ (z1, z2, t) = exp τ(−g+g2) and ζ ∈ C∞0 (|z|2+t2 < 2r2)
with ζ = 1 on |z|2 + t2 ≤ r2. Note that L1f τ = L¯2f τ = 0. We have
Qb(ϕ
τ , ϕτ ) = ‖f τL1ζ‖2 + ‖f τ L¯2ζ‖2.
If a < r ≤ 12 we have
Re(−g + g2) = −|z|2 − t2 + |z|4 ≥ −a
2
2
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on the region |z|2 + t2 ≤ a22 which is contained in Sa so that
ca5 exp
(
−1
2
τa2
)
≤ ‖ϕτ‖2Sa .
Furthermore
Re(−g + g2) = −|z|2 − t2 + |z|4 ≤ −3
4
r2 ≤ −3
4
a2
on the support of the derivatives of ζ; thus
Qb(ϕ
τ , ϕτ ) + ‖ϕτ‖2M−Sa ≤ C exp
(
−3
4
τa2
)
.
This contradicts (4.3) for large τ .
5. Subelliptic multipliers
To study the operators ✷b, ∂¯b, and the ∂¯-Neumann problem on (p, q)-
forms we define microlocal subelliptic multipliers below. In this section we
develop those properties of the multipliers which are needed in the proofs of
superlogarithmic estimates and the hypoellipticity results. Explicit formulas
for subelliptic multipliers are given in the appendix.
Definition 5.1. For xo ∈ M let I+q (xo) be the subset of germs of C∞
functions at xo defined as follows. The germ ρ is in I+q (xo) if and only if there
exist U,U ′, ε, C, and ζ such that
‖ρζΨ+ϕ‖2ε ≤ C
(
Qb(ζΨ
+ϕ, ζΨ+ϕ) + ‖Ψ+ϕ‖2
)
(5.1)
for all (0, q)-forms ϕ with supp(ϕ) ⊂ U ′. Here, U is a neighborhood of xo such
that U¯ ⊂ U ′, ε and C are positive constants and ζ ∈ C∞0 (U) such that ζ = 1
on a neighborhood of xo. We define I0q (xo) and I−q (xo) by replacing Ψ+ in the
above by Ψ0 and Ψ−, respectively.
Note that I0q (xo) is the set of all germs of C∞ functions at xo; in fact we
have
‖ρζΨ0ϕ‖21 ≤ C
(
Qb(ζΨ
0ϕ, ζΨ0ϕ) + ‖Ψ0ϕ‖2
)
.
Thus, if we denote the set of subelliptic multipliers satisfying (5.1) by Iq(xo),
we have Iq(xo) = I+q (xo) ∩ I−q (xo).
Proposition 5.2. If 1 ≤ q′ ≤ q ≤ n− 1 then I+q (xo) ⊃ I+q′ (xo).
Proof. Now, ρ ∈ I+q−1(xo) and we want to show that ρ ∈ I+q (xo). Let ϕ
be a (0, q)-form supported in U ,
ϕ =
∑
ϕI ω¯I ,
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where the I are ordered q-tuples of integers between 1 and n − 1. We define
the (0, q − 1)-forms βj by
βj =
∑
K
ϕ<Kj>ω¯K ,
where I = 〈Kj〉 and q ≤ j ≤ n− 1. Thus we have
‖ρζΨ+βj‖2ε ≤ C
(
Qb(ζΨ
+βj , ζΨ+βj) + ‖ϕ‖2
)
.
Now
Qb(ζΨ
+βj , ζΨ+βj) =
∑
‖L¯kΨ+βjK‖2+
∑
(bHKTζΨ
+βjH , ζΨ
+βjK)+O(‖ϕ‖2),
where bHK =
∑
ǫkHhKchk and
Qb(ζΨ
+ϕ, ζΨ+ϕ) =
∑
‖L¯kΨ+ϕI‖2 +
∑
(cIJTζΨ
+ϕI , ζΨ
+ϕJ ) +O(‖ϕ‖2),
where cIJ =
∑
ǫjIiJcij . To compare aIJ and bHK at a point x we choose the
L1, . . . , Ln−1 so that cij(x) = δijcii(x). Then we have
cIJ(x) = δIJ
∑
i∈I
cii(x)
and
bHK(x) = δHK
∑
h∈H
chh(x).
If I = 〈Hk〉,
cII(xo) = bHH(xo) + ckk(xo) ≥ bHH(xo);
hence ∑
H,K
bHK(x)β
j
H(x)β¯
j
K(x) ≤
∑
IJ
cIJ(x)ϕI(x)ϕ¯J (x).
Since
‖ρζΨ+ϕ‖ε ≤
∑
j
‖ρζΨ+βj‖ε
we conclude (using G˚arding’s inequality) that
‖ρζΨ+ϕ‖2ε ≤ C
(
Qb(ζΨ
+ϕ, ζΨ+ϕ) + ‖ϕ‖2
)
so that ρ ∈ I+q (xo).
Proposition 5.3. I−q (xo) = I+n−q−1(xo) for 0 ≤ q ≤ n− 2.
Proof. If ϕ is a (0, q)-form with support in U given by ϕ =
∑
ǫII
′
ϕI ω¯I , as
in Section 3, we set Fqϕ =
∑
ϕ¯I′ ω¯I′ , where I
′ denotes the ordered (n− q− 1)-
tuple consisting of the complement of I. Then noting that ‖Ψ+u‖ = ‖Ψ−u¯‖,
we have
‖ρζΨ+ϕ‖ε = ‖ρζΨ−Fqϕ‖ε +O(‖ϕ‖)
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and
Qb(ζΨ
+ϕ, ζΨ+ϕ) = Qb(ζΨ
−Fqϕ, ζΨ−Fqϕ) +O(‖ϕ‖2),
which concludes the proof.
Combining these propositions we see that I−q (xo) ⊂ I+q (xo), if n−q−1 ≥ q,
that is if q ≤ 12(n − 1). Hence Iq(xo) = I+q (xo) whenever q ≤ 12(n − 1). In
particular I1(xo) = I+1 (xo) when n ≥ 2.
6. Superlogarithmic estimates
In this section we will prove superlogarithmic estimates under the assump-
tion that there exists a subelliptic multiplier ρ satisfying the condition
(∗) lim
x→S
d(x, S) log ρ(x) = 0.
We define the operator log Λ by
̂log Λu(ξ) =
1
2
(log(1 + |ξ|2)uˆ(ξ)
and we have the following result.
Theorem 6.1. Let M be a pseudoconvex CR manifold. Let S ⊂M be a
manifold such that the holomorphic dimension of S at each point is less than
or equal to q − 1. Let xo ∈ S, let U ′ be a neighborhood of xo and suppose that
ρ ∈ C∞(U ′) with ρ ∈ I+q (xo) satisfying (∗). Let U be a neighborhood of xo with
U¯ ⊂ U ′ and ζ ∈ C∞0 (U). Then the following superlogarithmic estimate (SL+)q
holds. For each δ > 0 there exist Cδ, such that
(SL+)q ‖(log Λ)ζΨ+ϕ‖2 ≤ δ2Qb(ζΨ+ϕ, ζΨ+ϕ) + Cδ‖Ψ+ϕ‖2,
for all ϕ ∈ A0,qb with support in U ′. Furthermore, if the holomorphic dimension
of S at each point is less than or equal to n−q−2, and if ρ ∈ I−q (xo) satisfying
(∗) then the estimate (SL−)q given by
(SL−)q ‖(log Λ)ζΨ−ϕ‖2 ≤ δ2Qb(ζΨ−ϕ, ζΨ−ϕ) + Cδ‖Ψ−ϕ‖2,
for all ϕ ∈ A0,q with support in U ′.
Proof. Let γ0, γ˜0, γ, γ˜ be nonnegative functions on C
∞([0,∞)) such that
supp(γ0) ⊂ supp(γ˜0) ⊂ [0, 2), supp(γ) ⊂ supp(γ˜) ⊂ [1, 3), γ˜0 = 1 on supp(γ0),
γ˜ = 1 on supp(γ), and
γo(x)
2 +
∑
k
γ(2−kx)2 = 1,
when x ≥ 0. When k ≥ 1 we set γk(x) = γ(2−kx), and define the operators Γk
and Γ˜k by
Γ̂ku(ξ) = γk(|ξ|)uˆ(ξ)
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and ̂˜
Γku(ξ) = γ˜k(|ξ|)uˆ(ξ).
Let ρ be a subelliptic multiplier, satisfying (∗). Then for each δ > 0 there
exists Aδ > 0 such that
1
ρ(x)
≤ Aδ exp( δ
d(x, S)
).
Then, using the fact that |ξ| ∼ 2k when ξ ∈ supp(γk) and applying (5.1), we
have
‖ΓkζΨ+ϕ‖M−Sa ≤ maxM−Sa
1
ρ
‖ρΓkζ(Ψ+ϕ)‖
≤ Aδ exp(δ
a
)
(
‖ΓkρζΨ+ϕ)‖ + ‖[ρζ,Γk]Ψ+ϕ)‖
)
≤ Aδ exp(δ
a
)
(
2−kε‖ζΓk(ρζΨ+ϕ)‖ε + 2−kC‖Ψ+ϕ)‖
)
≤ A′δ2(
δ
a
−kε)
√
Qb(ζΓkΨ+ϕ, ζΓkΨ+ϕ) +A
′′
δ2
( δ
a
−k)‖Ψ+ϕ)‖.
Set a = 2δεk with k > Kδ, where Kδ is chosen large enough so that
A′δ2
( δ
a
−kε) ≤ δ
k
and
A′′δ2
( δ
a
−k) ≤
(
2
3
)k
.
Note that ‖Ψ+Γkϕ‖−1 ∼ 2−k‖Ψ+Γkϕ‖. Thus from Lemma 4.2 we obtain
‖ΓkζΨ+ϕ‖2 = ‖ΓkζΨ+ϕ‖2Sa + ‖ΓkζΨ+ϕ‖2M−Sa
≤ C
(
δ2
k2
Qb(ζΓkΨ
+ϕ, ζΓkΨ
+ϕ) +
(
2
3
)k
‖Ψ+ϕ)‖2
)
≤ C
(
δ2
k2
(‖Γk∂¯bζΨ+ϕ‖2 + ‖Γk∂¯∗b ζΨ+ϕ‖2) +
(
2
3
)k
‖Ψ+ϕ‖2
)
for k > Kδ. Then, since k ∼ log |ξ| for ξ ∈ supp(γk) we obtain, after multiply-
ing by k2 and summing over k,
‖(log Λ)ζΨ+ϕ‖2 ∼
∑
k≤Kδ
‖(log Λ)ΓkζΨ+ϕ‖2 +
∑
k>Kδ
k2‖ΓkζΨ+ϕ‖2
≤ C
(
K2δ ‖Ψ+ϕ‖2 + δ2(‖Γk ∂¯bζΨ+ϕ‖2 + ‖Γk∂¯∗b ζΨ+ϕ‖2)
)
≤ δ2Qb(ζΨ+ϕ, ζΨ+ϕ) + Cδ‖Ψ+ϕ‖2.
This concludes the proof for the superlogarithmic estimate in the + microlo-
calization; the proof in the − case is entirely analogous.
Combining the +, −, and 0 microlocalizations we obtain the following.
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Corollary 6.2. Let M be a pseudoconvex manifold. Let S ⊂ M be a
manifold such that the holomorphic dimension of S at each point is less than
or equal to m, where m = min{q − 1, n − q − 2}. Let xo ∈ S, let U be a
neighborhood of xo and suppose that ρ ∈ C∞(U) with ρ ∈ Iq(xo) satisfying (∗).
Then the superlogarithmic estimate (SL)q holds. For each δ > 0 there exists
Cδ such that
(SL)q ‖(log Λ)ϕ‖2 ≤ δ2Qb(ϕ,ϕ) + Cδ‖ϕ‖2,
for all ϕ ∈ A0,q with support in U .
7. Hypoellipticity
In this section we show that the superlogarithmic estimate (SL)q implies
hypoellipticity of ✷b. Further we show that if the range of ∂¯b is closed in L
2
then the estimates (SL+)1 on (p, 1)-forms and (SL
−)0 on (p, 0)-forms imply
that the restrictions of ✷b to (p, 0)-forms orthogonal to Hp,0 and to (p, n− 1)-
forms orthogonal to Hp,n−1 are hypoelliptic.
Theorem 7.1. Assume that (SL)q holds in a neighborhood U of xo ∈M .
Then if ϕ is a square integrable (p, q)-form such that ✷bϕ = α with α square
integrable whose restriction to U is in C∞(U) then the restriction of ϕ to U is
also in C∞(U).
Proof. More precisely, we will show that, for any ζ0, ζ1 ∈ C∞0 (U) with
ζ1 = 1 in a neighborhood of the support of ζ0, if ζ1α ∈ Hs then ζ0ϕ ∈ Hs.
To do this we first prove the following a priori estimate: given s there exists
Cs > 0 such that
∗ ‖ζ0ϕ‖s ≤ Cs(‖ζ1α‖s + ‖ϕ‖),
for all ϕ ∈ Ap,qb . Let σ ∈ C∞0 (U) such that σ = 1 in a neighborhood of supp(ζ0)
and ζ1 = 1 in a neighborhood of supp(σ). Let ζ
′ ∈ C∞0 (U ′) with ζ ′ = 1 in a
neighborhood of U¯ . We define the operator Rs by
Rsu(x) =
∫
eix·ξ(1 + |ξ|2) sσ(x)2 uˆ(ξ)dξ,
for u ∈ C∞0 (U ′). Since the symbol of (Λs −Rs)ζ0 is zero,
‖ζ0ϕ‖s ≤ ‖Rs(ζ0ϕ)‖+ C‖ϕ‖ ≤ ‖[Rs, ζ0](ζ1ϕ)‖+ ‖Rs(ζ1ϕ)‖+ C‖ϕ‖.
From the calculus of pseudodifferential operators we conclude that
‖[Rs, ζ0](ζ1ϕ)‖ ≤ C(‖Rs−1(ζ1ϕ)‖ + ‖ϕ‖)
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and
‖Rs(ζ1ϕ)‖ = ‖Rs(ζ ′ζ1ϕ)‖
≤ ‖ζ ′Rs(ζ1ϕ)‖ + ‖[Rs, ζ ′](ζ1ϕ)‖
≤ ‖ζ ′Rs(ζ1ϕ)‖ +O(‖Rs−1(ζ1ϕ)‖+ ‖ϕ‖)
≤ ‖ζ ′Rs(ζ1ϕ)‖ + C‖ϕ‖
so that
‖ζ0ϕ‖s ≤ C(‖ log(Λ)ζ ′Rs(ζ1ϕ)‖ + ‖ϕ‖).
Next, from (SL)q with ϕ replaced by ζ
′Rs(ζ1ϕ), we obtain
∗ ∗ ‖(log Λ)Rs(ζ1ϕ)‖2 ≤ δ2Qb(ζ ′Rs(ζ1ϕ), ζ ′Rs(ζ1ϕ)) + Cδ‖ϕ‖2.
The equation ✷bϕ = α is equivalent to
Qb(ϕ,ψ) = (α,ψ),
for all ψ ∈ Ap,qb . So we have
Qb(ζ
′Rs(ζ1ϕ), ζ ′Rs(ζ1ϕ)) = Qb(ϕ, ζ1(Rs)∗(ζ ′)2Rs(ζ1ϕ)) + error
= (α, ζ1(R
s)∗(ζ ′)2Rs(ζ1ϕ)) + error
= (ζ ′Rs(ζ1α), ζ ′Rs(ζ1ϕ)) + error .
The “error” is given by error = I + II, where
I = ([∂¯b, ζ
′Rsζ1]ϕ, ∂¯bζ ′Rsζ1ϕ) + ([∂¯∗b , ζ
′Rsζ1]ϕ, ∂¯∗b ζ
′Rsζ1ϕ)
and
II = (∂¯bϕ, [ζ1R
s∗ζ ′, ∂¯b]ζ ′Rsζ1ϕ) + (∂¯∗bϕ, [ζ1R
s∗ζ ′, ∂¯∗b ]ζ
′Rsζ1ϕ)
= ([[ζ1R
s∗ζ ′, ∂¯b]∗, ∂¯b]ϕ, ζ ′Rsζ1ϕ) + ([[ζ1Rs∗ζ ′, ∂¯∗b ]
∗, ∂¯∗b ]ϕ, ζ
′Rsζ1ϕ)
+ ([ζ1R
s∗ζ ′, ∂¯b]∗ϕ, ∂¯∗b ζ
′Rsζ1ϕ) + ([ζ1Rs∗ζ ′, ∂¯∗b ]
∗ϕ, ∂¯bζ ′Rsζ1ϕ).
By the Jacobi identity,
[∂¯b, ζ
′Rsζ1] = [∂¯b, ζ ′]Rsζ1 + ζ ′[∂¯b, Rs]ζ1 + ζ ′Rs[∂¯b, ζ1].
Since the supports of the derivatives of ζ1 and of ζ
′ are disjoint from the
support of σ the operator [∂¯b, ζ
′]Rsζ1 + ζ ′Rs[∂¯b, ζ1] is bounded in L2. The
principal symbol of [∂¯b, R
s] is bounded by C(log(1+ |ξ|2))(1+ |ξ|2) sσ(x)2 ; hence
‖ζ ′[∂¯b, Rs]ζ1ϕ‖ ≤ C(‖(log Λ)Rsζ1ϕ‖+ ‖ϕ‖).
Arguing similarly we can bound all the terms in I and II and obtain
error2 ≤ C(Qb(ζ ′Rs(ζ1ϕ), ζ ′Rs(ζ1ϕ)) + ‖(log Λ)Rsζ1ϕ‖2 + ‖ϕ‖2).
After combining this with ∗∗ we see that error 2 gets multiplied by δ2 and thus,
for suitably small δ, we obtain the a priori estimate ∗. To conclude the proof
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of the theorem we must pass from the a priori estimate to showing regularity
of the solution. This can be done by applying a standard smoothing operator
to ζ1ϕ or by using the method of elliptic regularization as in [KN].
Microlocally we obtain the following.
Lemma 7.2. With the same notation as above, estimate (SL+)q implies:
‖Ψ+Rsζ1ϕ‖ ≤ C(‖Ψ+Rsζ1✷bϕ‖+ ‖ϕ‖)
and
‖Ψ+Rsζ1∂¯bϕ‖+ ‖Ψ+Rsζ1∂¯∗bϕ‖ ≤ C(‖Ψ+Rsζ1✷b∂¯bϕ‖ + ‖Ψ+Rsζ1✷b∂¯∗bϕ‖
+ ‖ϕ‖),
for all ϕ ∈ Ap,qb ∩ L2. Analogously, (SL−)q implies:
‖Ψ−Rsζ1ϕ‖ ≤ C(‖Ψ−Rsζ1✷bϕ‖+ ‖ϕ‖)
and
‖Ψ−Rsζ1∂¯bϕ‖+ ‖Ψ−Rsζ1∂¯∗bϕ‖ ≤ C(‖Ψ−Rsζ1✷b∂¯bϕ‖ + ‖Ψ−Rsζ1✷b∂¯∗bϕ‖
+ ‖ϕ‖),
for all ϕ ∈ Ap,qb ∩ L2.
Proof. We have
Qb(ζ1Ψ
+Rsζ ′ϕ, ζ1Ψ+Rsζ ′ϕ) = ‖Ψ+Rsζ1∂¯bϕ‖2 + ‖Ψ+Rsζ1∂¯∗bϕ‖2 + error
= (Ψ+ζ1✷bϕ, ζ1Ψ
+ζ ′ϕ) + error
≤ C(‖Ψ+ζ1✷bϕ‖2 + ‖ζ1Ψ+ζ ′ϕ)‖2) + error
≤ C(‖Ψ+ζ1∂¯b∂¯∗bϕ‖2 + ‖Ψ+ζ1∂¯∗b ∂¯bϕ‖2) + error ,
and
‖Ψ+ζ1∂¯∗b ∂¯bϕ‖2 = (Ψ+ζ1∂¯b∂¯∗b ∂¯bϕ,Ψ+ζ1∂¯bϕ) + error
≤ (‖Ψ+ζ1✷b∂¯bϕ‖‖Ψ+ζ1∂¯bϕ‖) + error ,
‖Ψ+ζ1∂¯b∂¯∗bϕ‖2 = (Ψ+ζ1∂¯b∂¯∗b ∂¯bϕ,Ψ+ζ1∂¯∗bϕ) + error
≤ (‖Ψ+ζ1✷b∂¯∗bϕ‖‖Ψ+ζ1∂¯∗bϕ‖) + error .
The error terms arise from commutators such as [ζ1Ψ
+Rs, ∂¯b]. These are ana-
lyzed as before except for the terms that involve the commutators [Ψ+, ∂¯b]
and [Ψ+, ∂¯∗b ]. To bound such terms let ψ˜
0 be a symbol which equals one in
a neighborhood of the support of the derivatives of ψ+ and whose support is
contained in a region of the form
{ξ = (ξ′, ξ2n−1) ∈ R2n−1
∣∣∣ A < ξ2n−1 < a|ξ′
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and let ψ˜+ be a symbol which equals one on the support of ψ˜0 with sup-
port contained in {ξn−1 > 0}. Denoting by Ψ˜0 and by Ψ˜+ the corresponding
pseudodifferential operators we have
‖Ψ˜0Rsζ1ϕ‖ ≤ C(‖✷bΨ˜0Rsζ1ϕ‖−2 + ‖Ψ˜0Rsζ1ϕ‖−2)
since the support of ψ˜0 lies in the elliptic region. These are the terms that
arise in the error . Thus we have
‖Ψ˜0Rsζ1ϕ‖ ≤ C(‖Ψ˜+Rs−2ζ1✷bϕ‖+ ‖Ψ˜+Rs−2ζ1ϕ‖+ ‖ϕ‖)
≤ C(‖Ψ˜+Rs−2ζ1∂¯bϕ‖+ ‖Ψ˜+Rs−2ζ1∂¯∗bϕ‖
+ ‖Ψ˜+Rs−2ζ1ϕ‖+ ‖ϕ‖).
We feed this into the above estimates with Ψ+ replaced by Ψ˜+ and thus obtain
the desired estimates in the + microlocalization and a parallel argument yields
them in the − microlocalization.
The following result deals with the cases of (p, 0)-forms and of (p, n− 1)-
forms, where the spaces Hp,0b and Hp,n−1b are infinite-dimensional. We assume
that (SL+)1 and (SL
−)0 hold. This assumption is equivalent to assuming that
(SL−)n−2 and (SL+)n−1 hold, as is seen from the following observation.
Remark. When we use the operator Fq, as in the proof of Proposition 5.3,
it follows that the estimate (SL+)q holds if and only if (SL
−)n−q−1 holds.
Theorem 7.3. Let M be a CR manifold and assume that the operator
∂¯b on functions has closed range in L2(M). Assume that (SL
+)1 and (SL
−)0
hold on a neighborhood U . Suppose that q equals either 0 or n − 1, ϕ ⊥ Hp,qb ,
and ✷bϕ = α with α restricted to U in C
∞(U). Then the restriction of ϕ is
also in C∞(U).
Proof. We will deal only with the case of functions, that is (0, 0)-forms;
the remaining cases then follow. We will show that if u ∈ L2(M), u ⊥ H0,0b
and if ✷bu = f with f ∈ L2(M) and the restriction of f to U is in C∞(U) then
the restriction of u to U is in C∞(U). Assuming that u ∈ C∞(M) and using
the above lemma we obtain the following a priori estimate:
‖Ψ−Rsζ1u‖ ≤ C(‖Ψ−Rsζ1f‖+ ‖u‖).
Note that we have not used the assumption u ⊥ H0,0b . We can now deduce that
‖Ψ−Rsζ1u‖ <∞ whenever ✷bu = f . Since the range of ∂¯b is closed we conclude
that the range of ∂¯∗b is closed and since on functions we have ✷bu = ∂¯
∗
b ∂¯bu we
conclude that the range of ∂¯∗b equals the orthogonal complement of H0,0b . Thus
there exists a (0, 1)-form ϕ such that ∂¯∗bϕ = u and we choose ϕ so that it also
satisfies ∂¯bϕ = 0. Hence
‖Ψ+Rsζ1∂¯∗bϕ‖ ≤ C(‖Ψ+Rsζ1✷b∂¯∗bϕ‖+ ‖ϕ‖).
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By elliptic regularization we conclude that whenever the right-hand side above
is finite then so is the left-hand side. Since the range of ∂¯∗b is closed, ‖ϕ‖ ≤
C‖∂¯∗bϕ‖ = C‖u‖. Hence
‖Ψ+Rsζ1u‖ ≤ C(‖Ψ+Rsζ1f‖+ ‖u‖).
Again we conclude that ‖Ψ+Rsζ1u‖ < ∞ and combining this with the above
and with the 0 microlocalization we have ζ0u ∈ Hs for all s, which concludes
the proof.
Remark. The range of ∂¯b on functions is closed whenever M is compact
and (SL)1 holds at all points of M . As noted this condition cannot hold if
dim(M) = 3. Another condition for the closed range of ∂¯b is given in [K4],
namely: if X is an n-dimensional Stein manifold and if Ω ⊂ X is a relatively
compact pseudoconvex domain with a smooth boundary M then ∂¯b on M has
closed range (see [K4]).
8. The ∂¯-Neumann problem
In this section we shall establish the relation between subellipticity, subel-
liptic multipliers, and superlogarithmic estimates between boundaries of pseu-
doconvex domains and the corresponding estimates for domains. These results
can be extended to various other estimates. The method here is the type of
microlocalization worked out in [K4]. Another reduction to the boundary was
derived by Greiner and Stein (see [GS]).
Let Ω ⊂ X be a relatively compact domain with a smooth boundary in a
complex hermitian manifold X and let M denote the boundary of Ω. Let r be
a defining function for M ; that is, r is a C∞ function in a neighborhood of M
such that r = 0 on M and dr 6= 0. We will further assume that |dr| = 1 on M ,
that r < 0 in Ω, and that r > 0 outside of Ω¯. To simplify formulas we will also
assume that |r| is the geodesic distance to M. We denote by Ap,q the space
of (p, q)-forms in C∞(X) restricted to Ω¯. As usual, ∂¯ : Ap,q → Ap,q+1. We
denote by ∂¯∗ the L2-adjoint of ∂¯. Also, ∂¯∗ is an unbounded operator in Hilbert
space whose domain, denoted by Dom(∂¯∗), consists of all ϕ ∈ Lp,q2 (M) such
that (ϕ, ∂¯u) = (∂¯∗ϕ, u) for all u ∈ Lp,q−12 (M) with ∂¯u ∈ Lp,q2 (M). If x0 ∈ M
we choose local holomorphic coordinates {z1, z2, . . . , zn} on a neighborhood
U of x0 with origin at x0 such that dzn|0 = ∂r|0. Let {ω1, . . . , ωn} be an
orthonormal basis of the (1, 0)-forms on U with ωn = ∂r, so that Ln(r) = 1. Let
{L1, . . . , Ln} be the dual basis to the ωi and note that on M we have Lir = 0
for i = 1, . . . , n − 1, so that the CR structure on M , and on the manifolds
r = constant, is given by the {L1, . . . , Ln−1}. Setting T = 1√2(Ln − L¯n),
we have that {L1, ..Ln−1, L¯1, . . . , L¯n−1, T} is an orthonormal basis of vectors
tangent to M . Also, T satisfies T (r) = 0 and T¯ = −T .
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Suppose that ϕ ∈ A0,q ∩ C∞0 (U ∩ Ω¯), so that ϕ =
∑
ϕI ω¯I . Then ϕ is in
the domain of ∂¯∗ if and only if ϕI = 0 on M whenever n ∈ I. The ∂¯-Neumann
problem consists of solving the equation ✷ϕ = α, where ✷ = ∂¯∂¯∗+∂¯∗∂¯. Setting
Q(ϕ,ψ) = (∂¯ϕ, ∂¯ψ) + (∂¯∗ϕ, ∂¯∗ψ) we see that the above equation is satisfied
if and only if ϕ is in the domain of ∂¯∗ and Q(ϕ,ψ) = (α,ψ) for all ψ in the
domain of ∂¯∗.
On U∩Ω¯ we will use the coordinates {x1, . . . , x2n−1, r}, where xi = Re(zi)
for i = 1, . . . n−1 and xi = ℑ(zi−n+1) for i = n, . . . , 2n−1 . We will denote by
x = (x1, . . . , x2n−1) the tangential coordinates and by ξ = (ξ1, . . . , ξ2n−1) the
dual coordinates. We define the tangential Fourier transform of u ∈ C∞0 (U∩Ω¯
by
u˜(ξ, r) =
∫
eix·ξu(x, r)dx.
This notation should not be confused with the one used in previous sections.
We define the operator Λstan by
Λ˜stanu(ξ, r) = (|ξ|2 + 1)s/2u˜(ξ, r)
and the tangential Sobolev norms by
|||u|||2s =
∫
|Λstanu|2dξdr.
In terms of these coordinates the operators Li can be written as
Li =
∑
aki (x, r)
∂
∂xk
,
for i = 1, . . . , n− 1 and
Ln =
∂
∂r
+
∑
ak(x, r)
∂
∂xk
.
We define the tangential symbols µi by
µi(x, ξ, r) =
1√−1
∑
aki (x, r)ξk,
for i = 1, . . . , n− 1 and
µn(x, ξ, r) =
1√−1
∑
(ak(x, r)− a¯k(x, r))ξk.
Note that µn is real. We set µ˙i(x, ξ) = µi(x, ξ, 0) and µ˙ = (µ˙1, . . . , µ˙n) for
i = 1, . . . , n, and
|µ˙(x, ξ)| =
√∑
|µ˙i(x, ξ)|2.
Subelliptic multipliers for the ∂¯-Neumann problem are defined as follows.
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Definition 8.1. Suppose that x0 ∈M and that f ∈ C∞(U). Then f is a
subelliptic multiplier on (p, q)-forms for the ∂¯-Neumann problem if and only if
there exist ε > 0 and C > 0 such that
|||fϕ|||2ε ≤ C(Q(ϕ,ϕ) + ‖ϕ‖2),
for all Dom(∂¯∗) ∩ ϕ ∈ Ap,q ∩ C∞0 (U ∩ Ω¯). We denote by Jq(x0) the ideal of
germs of subelliptic multipliers for the ∂¯-Neumann problem at x0.
The relation between the ideals of subelliptic multipliers for CR manifolds
and for the ∂¯-Neumann problem is given in the following.
Theorem 8.2. Suppose that Ω ⊂ X is a pseudoconvex domain in a
hermitian manifold X. Suppose that Ω is compact and has a smooth bound-
ary M . Then, if x0 ∈M , the ideals Jq(x0) and I+q (x0) are related as follows.
If f ∈ Jq(x0) then the restriction of f to M is in I+q (x0). Furthermore, if
ρ ∈ I+q (x0), if f ∈ C∞(Ω¯), and if the restriction of f to M equals ρ then
f ∈ Jq(x0).
The fact that hypoellipticity of the ∂¯-Neumann problem follows from the
assumption that a superlogarithmic estimate holds is formulated as follows.
Theorem 8.3. As above with x0 ∈M and M the boundary of Ω, assume
that condition (SL+)q holds in a neighborhood U ∩M of x0. Then if α is a
(p, q)-form on Ω which is in L2, whose the restriction to U ∩Ω¯ is in C∞(U ∩Ω¯)
and if ϕ satisfies the equation ✷ϕ = α (this means, in particular, that ϕ and
∂¯ϕ are in the domains of ∂¯∗ on (p, q) and (p, q + 1)-forms, respectively), then
the restriction of ϕ to U ∩ Ω¯ is in C∞(U ∩ Ω¯).
The key to proving these theorems is a passage between forms in Ap,qb
and forms in Ap,q. This is done by introducing an “approximate” harmonic
extension of u on U ∩ M to U ∩ Ω¯, denoted by u(h). Supposing that u ∈
C∞0 (U ∩M) we define u(h) ∈ C∞({(x, r) ∈ R2n| r ≤ 0}) by
u(h)(x, r) = (2π)−2n+1
∫
eix·ξer|µ˙(x,ξ)|u˜(ξ)dξ,
so that u(h)(x, 0) = u(x).
In this section ‖ ‖ will denote the L2 norm on Ω, ‖ ‖b the L2 norm on M ,
and ‖ ‖bs the Sobolev s-norm on M .
Lemma 8.4. For each k ∈ Z, k ≥ 0, and s ∈ R there exists Cs,k > 0 such
that
|||rku(h)|||s ≤ Cs,k‖u‖bs−k− 1
2
,
for all u ∈ C∞0 (U ∩ Ω¯).
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Proof. We have
|||rku(h)|||2s ≤ C
∫
r2ke2r|µ˙(x,ξ)|(1 + |ξ|2)s|u˜(ξ)|2dξdr.
Substituting r′ = r|µ˙(x, ξ)| we integrate first with respect to r′, and note that
|µ˙(x, ξ)|2 ∼ (1 + |ξ|2) to obtain the result.
Setting △ = −∑ ∂2∂zi∂z¯i we have
△ = −
n∑
i=1
LiL¯i +
2n−1∑
i=1
ai(x, r)
∂
∂xi
+ a(x, r)
∂
∂r
= − ∂
2
∂2r
+ T 2 −
n−1∑
i=1
LiL¯i +
2n−1∑
i=1
bi(x, r)
∂
∂xi
+ b(x, r)
∂
∂r
,
since ∂∂r =
1
2(Ln + L¯n) and LnL¯n =
∂2
∂2r − T 2 + D, where D is a first order
operator. Hence if (x, r) ∈ U ∩ Ω¯,
△(u(h))(x, r) =
∫
eix·ξer|µ˙(x,ξ)|(p1(x, r, ξ) + rp2(x, r, ξ))u˜(ξ)dξ + Eu(x, r),
where the pk(x, r, ξ) are symbols of order k, uniformly in r. Note that E(u)
denotes the error term which is an operator of order −∞. Abusing notation
we will denote all such terms by E(u). Further,
Liu
(h)(x, r) = (Liu)
(h) +Kiu(x, r) + Eu(x, r),
with
Kiu(x, r) =
∫
eix·ξer|µ˙(x,ξ)|(µ˙i(x, ξ) + p0i (x, r, ξ) + rp
1
i (x, r, ξ))u˜(ξ)dξ
and
L¯iu
(h)(x, r) = (L¯iu)
(h) + K¯iu(x, r) +Eu(x, r)
for i = 1, . . . , n− 1. Since Ln = 1√2(
∂
∂r + T )
Lnu
(h)(x, r) =
1√
2
∫
eix·ξer|µ˙(x,ξ)|
(
|µ˙(x, ξ)| + µ˙n(x, ξ) + p0n(x, r, ξ)
+ rp1n(x, r, ξ)
)
u˜(ξ)dξ + Eu(x, r)
and
L¯nu
(h)(x, r) =
1√
2
∫
eix·ξer|µ˙(x,ξ)|
(
|µ˙(x, ξ)| − µ˙n(x, ξ) + p¯0n(x, r,−ξ)
+ rp¯1n(x, r,−ξ)
)
u˜(ξ)dξ + Eu(x, r)
where the pki are symbols of order k. If v ∈ C∞0 (U ∩ Ω¯) we define v˙ to be the
restriction of v to M and we have
‖v˙‖bs ≤ C
(
|||v|||s+ 1
2
+ |||∂v
∂r
|||s− 1
2
)
.
242 J. J. KOHN
We microlocalize v for each fixed r, setting
Ψ˜v(ξ, r) = ψ(ξ)v˜(ξ, r)
and then we have:
Lemma 8.5. If U is sufficiently small then there exists C > 0 such that
‖Ψ+L¯nv˙(h)‖ ≤ C
(
n−1∑
1
‖Ψ+L¯iv‖b− 1
2
+ ‖v‖
)
and
|||Ψ0v˙(h)|||1 + |||Ψ−v˙(h)|||1 ≤ C
(
n∑
1
‖L¯iv‖+ ‖v‖
)
,
for all v ∈ C∞0 (U ∩ Ω¯).
Proof. Choosing U sufficiently small we have µ˙n(x, ξ) ≥ 0 when ξ ∈
supp(ψ+) and µ˙n(x, ξ) ≤ 0 when ξ ∈ supp(ψ−). Then for x ∈ U and
ξ ∈ supp(ψ+),
|µ˙(x, ξ)| − µ˙n(x, ξ) =
n−1∑
1
µ˙i(x, ξ)
|µ˙(x, ξ)| + µ˙n(x, ξ) µ˙i(x, ξ);
hence the right-hand side is the principal symbol of a pseudodifferential op-
erator on M of the form
∑n−1
1 PiL¯i, where the Pi are of order zero. This
establishes the first inequality. The second inequality follows from the fact
that for x ∈ U and ξ ∈ supp(ψ−),
|µ˙(x, ξ)| − µ˙n(x, ξ) ≥ C|ξ|,
when U is sufficiently small.
If ϕ ∈ Ap,q we denote by ϕ˙ the restriction of ϕ to M . Note also that if ϕ
is in the domain of ∂¯∗ then ϕ˙ ∈ Ap,qb . Recall that on a pseudoncovex domain
the following are equivalent:
Q(ϕ,ϕ) + ‖ϕ‖2 ∼
∑∫
M
cIJϕI ϕ¯JdS +
n∑
1
‖L¯iϕ‖2 + ‖ϕ‖2,
for all ϕ ∈ Ap,q ∩ C∞0 (U ′ ∩ Ω¯) intersected with the domain of ∂¯∗. Also
Qb(ζΨ
+ϕ, ζΨ+ϕ) + (‖ζΨ+ϕ‖b)2
∼
∑
(cIJΛ
1
2 ζΨ+ϕI ,Λ
1
2 ζΨ+ϕJ)
b +
n−1∑
1
(‖L¯iζΨ+ϕ‖b)2 + (‖ζ ′Ψ′+ϕ‖b)2,
for all ϕ ∈ Ap,qb with support in U ′ ∩M . Combining the above with Lemma
8.5, we obtain:
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Lemma 8.6. Suppose that Ω ⊂ X is a pseudoconvex domain in a hermi-
tian manifold X. Suppose that Ω is compact and has a smooth boundary M .
Then, if x0 ∈M and if U is a sufficiently small neighborhood of x0 then there
exists a constant C > 0 such that
|||Ψ−ϕ|||21 + |||Ψ0ϕ|||21 ≤ C(Q(ϕ,ϕ) + ‖ϕ‖2),
for all ϕ ∈ Ap,q ∩ {domain of ∂¯∗} with support in U ∩ Ω¯.
Proof. We have
|||Ψ−ϕ˙(h)|||21 + |||Ψ0ϕ˙(h)|||21 ≤ C
(
n∑
1
‖L¯iϕI‖2 + ‖ϕ‖2) ≤ C(Q(ϕ,ϕ) + ‖ϕ‖2
)
.
Let ϕ(0) = ϕ − ϕ˙(h), so that ϕ(0) = 0 on M . Then, with ζ ∈ C∞0 (U ′) and
ζ = 1 on a neighborhood of U¯ ,
|||Ψ−ϕ(0)|||21 + |||Ψ0ϕ(0)|||21 ≤ C(Q(ζΨ−ϕ(0), ζΨ−ϕ(0))
+Q(ζΨ0ϕ(0), ζΨ0ϕ(0)) + ‖ϕ‖2)
≤ C(Q(ϕ,ϕ) + ‖ϕ‖2),
which concludes the proof.
Now we are in a position to prove the theorems of this section.
Proof of Theorem 8.2. Suppose that f ∈ Jq(x0) and f˙ = ρ. Then, if
ϕ ∈ Ap,qb ∩ C∞0 (U ′ ∩ Ω¯),
(‖ρζΨ+ϕ‖bε)2 ≤ C(|||fζΨ+ϕ(h)|||2ε+ 1
2
+ |||fζΨ+∂ϕ
(h)
∂r
|||2
ε− 1
2
)
≤ C(Q(ζΛ
1
2
tanΨ
+ϕ(h), ζΛ
1
2
tanΨ
+ϕ(h)) + ‖Λ
1
2
tanΨ
+ϕ(h)‖2)
≤ C(Qb(ζΨ+ϕ, ζΨ+ϕ) + (‖Ψ+ϕ‖b)2),
so that ρ ∈ I+q (x0).
Next, assume that ρ ∈ I+q (x0) and that f˙ = ρ. Then if
ϕ ∈ Ap,q ∩ C∞0 (U ∩ Ω¯) ∩ {domain of ∂¯∗},
we have
|||fζΨ+ϕ|||2ε ≤ C(|||fζΨ+ϕ˙(h)|||2ε + |||fζΨ+ϕ0|||ε)
≤ C(‖ρζΨ+ϕ˙‖b
ε− 1
2
+ ‖ϕ‖2)
≤ C(Qb(ζΛ−
1
2Ψ+ϕ˙, ζΛ−
1
2Ψ+ϕ˙) + ‖ϕ‖2)
≤ C(
∑
I
n−1∑
1
(‖L¯iζΛ−
1
2Ψ+ϕ˙‖b)2
+
∑
IJ
(cIJTζΛ
− 1
2Ψ+ϕ˙I , ζΛ
− 1
2Ψ+ϕ˙J)
b + ‖ϕ‖2).
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To estimate the last two terms above we proceed as follows. For i < n,
(‖L¯iζΛ−
1
2Ψ+ϕ˙‖b)2 = 2( ∂
∂r
L¯iζΛ
− 1
2
tanϕ, L¯iζΛ
− 1
2
tanϕ)
= 2(
∂
∂r
Λ−1tanL¯iϕ, L¯iϕ) + error
≤ C(|(Λ−1tanL¯iL¯nϕ, L¯iϕ)|+ |(Λ−1tanT L¯iϕ, L¯iϕ)|+ error
≤ C(Q(ϕ,ϕ) + ‖ϕ‖2),
since Λ−1tanL¯i and Λ−1T are tangential pseudodifferential operators of order
zero. The error terms can be estimated since [ ∂∂r , L¯i] is a tangential first order
operator. Finally, setting P = (ζ)2TΛ−1tan(Ψ+)2 we have∑
IJ
(cIJTζΛ
− 1
2Ψ+ϕ˙I , ζΛ
− 1
2Ψ+ϕ˙J)
b =
∑
IJ
(cIJPϕ˙I , ϕ˙J )
b + error
≤ |
∑
IJ
(cIJPϕ˙I , P ϕ˙J )
b|
+|
∑
IJ
(cIJ ϕ˙I , ϕ˙J)
b|+ error
≤ C(Q(Pϕ,Pϕ) +Q(ϕ,ϕ) + ‖ϕ‖2)
≤ C(Q(ϕ,ϕ) + ‖ϕ‖2),
which concludes the proof of the theorem.
Proof of Theorem 8.3. Assume that the condition (SL+)q holds in U ∩M .
Let ϕ be a (p, q)-form that satisfies ✷ϕ = α with α ∈ L2 and the restriction
of α to U ∩ Ω¯ in C∞(U ∩ Ω¯). We will show that the restriction of ϕ to U ∩ Ω¯
is in C∞(U ∩ Ω¯). First we establish the following a priori estimate for the
tangential derivatives of ϕ. Given s ∈ R and ζ0, ζ1 ∈ C∞0 (U ∩ Ω¯) with ζ1 = 1
on the support of ζ0, there exists a constant Cs such that
(∗)tan |||ζ0ϕ|||s ≤ Cs(|||ζ1α|||s + ‖ϕ‖),
for all ϕ ∈ Ap,q ∩ {domain of ∂¯∗}. Now let ζ ′ ∈ C∞0 (U ′ ∩ Ω¯) with ζ ′ = 1
on U ∩ Ω. We will abuse notation and use ϕ to denote both ζ ′ϕ and ϕ; it
will be clear from the context which is which and the errors committed will be
controlled as in Section 7. Again we set ϕ = ϕ˙(h) + ϕ(0). Since ϕ0 = 0 on M ,
|||ζ0ϕ(0)|||s+2 ≤ Cs(|||ζ1✷ϕ(0)|||s + ‖ϕ(0)‖)
and
✷ϕ(0) = ✷ϕ−✷ϕ˙(h) = α+ P1ϕ,
where P1 is a tangential pseudodifferential operator of order one. Since the
above inequality holds for all suitable pairs ζ0, ζ1 we deduce that
|||ζ0ϕ(0)|||s+2 ≤ Cs(|||ζ1α|||s + ‖ϕ‖).
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Then, Lemma 8.6 implies that
|||Ψ−ζ0ϕ|||s+2 + |||Ψ0ζ0ϕ|||s+2 ≤ Cs(|||α|||s + ‖ϕ‖).
Hence, in order to prove (∗)tan, it will suffice to prove
(∗∗)tan |||Ψ+ζ0ϕ˙(h)|||s ≤ Cs(|||α|||s + ‖ϕ‖).
Now, following the argumentation of Section 7, in order to simplify the formu-
las, we denote by C and Cδ constants which may differ in different lines:
|||Ψ+ζ0ϕ˙(h)|||2s ≤ C
(
(‖Ψ+ζ0ϕ˙‖bs− 1
2
)2 + ‖ϕ‖2
)
≤ C
(
(‖ log(Λtan)Rs−
1
2Ψ+ϕ˙‖b)2 + ‖ϕ‖2
)
≤ δ2Qb(ζ1Rs−
1
2Ψ+ϕ˙, ζ1R
s− 1
2Ψ+ϕ˙) + Cδ‖ϕ‖2
≤ Cδ2
(n−1∑
1
(‖L¯iζ1Rs−
1
2Ψ+ϕ˙‖b)2
+
∑
IJ
(cIJTζ1R
s− 1
2Ψ+ϕ˙I , ζ1R
s− 1
2Ψ+ϕ˙J)
b
)
+ Cδ‖ϕ‖2
≤ Cδ2
( n∑
1
‖L¯iζ1RsΨ+ϕ‖2
+
∑
IJ
∫
M
cIJTζ1R
sΨ+ϕIζ1R
sΨ+ϕ¯JdS
)
+ Cδ‖ϕ‖2
≤ Cδ2Q(ζ1RsΨ+ϕ, ζ1RsΨ+ϕ) + Cδ‖ϕ‖2
≤ Cδ2(RsΨ+ζ1α, ζ1RsΨ+ϕ) + Cδ‖ϕ‖2.
The estimate (∗)tan then follows and implies the next inequalities:
||| ∂
∂r
(ζ0ϕ)|||s−1 ≤ C(|||ζ1α|||s + ‖ϕ‖)
and
||| ∂
k+2
∂rk+2
(ζ0ϕ)|||s−k−2 ≤ C
(
k∑
0
||| ∂
j
∂rj
(ζ1α)|||s−j + ‖ϕ‖
)
,
for integers k ≥ 0. The first inequality follows from
‖ ∂
∂r
(ζ0ϕ)‖2 ≤ ‖L¯n(ζ0ϕ)‖2 + ‖T (ζ0ϕ)‖2
≤ C(Q(ζ0ϕ, ζ0ϕ) + |||ζ0ϕ|‖21 + ‖ϕ‖2),
and is then obtained by substituting Λs−1tan ϕ for ϕ. The second inequality is
obtained as follows. Since ✷ is elliptic we can solve the equation ✷ϕ = α for
the second derivatives with respect to r:
∂2ϕI
∂r2
=
∑
K
aKI αK +
∑
K,i,j
bKijI
∂2ϕK
∂xi∂xj
+
∑
K,i
cKiI
∂2ϕK
∂xi∂r
+ first order.
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The second inequality is then obtained by applying ζ0Λ
s−k−2
tan
∂k
∂rk
to the above
equation and taking L2 norms.
Using elliptic regularization one sees that all partial derivatives of ζ0ϕ are
square-integrable and the theorem follows.
Appendix
Here we will recall briefly the notion of ideal finite type and the explicit
expressions for subelliptic multipliers as introduced in [K2] and [K3]; this ma-
terial is also explained in [DK]. Given an (n − 1)-tuple ρ1, . . . , ρn−1 of germs
of C∞ functions at xo ∈M we denote by M(ρ1, . . . , ρn−1) the
(n− 1)× 2(n − 1) matrix defined by
M(ρ1, . . . , ρn−1) =

c11 c12 . . . c1,n−1
c21 c22 . . . c2,n−1
...
...
. . .
...
cn−1,1 cn−1,2 . . . cn−1,n−1
L1ρ1 L2ρ1 . . . Ln−1ρ1
L1ρ2 L2ρ2 . . . Lnρ2
...
...
. . .
...
L1ρn−1 L2ρn−1 . . . Ln−1ρn−1

.
Theorem 8.7. If M is a pseudoconvex CR manifold of dimension 2n−1
and if xo ∈M then the I+q (xo) have the following properties:
A. I+q (xo) is an ideal.
B. The real radical of I+q (xo), denoted by R
√
I+q (xo), is contained in I+q (xo).
The ideal R
√
I+q (xo) consists of all germs g such that there exist f ∈ I+q (xo) and
m ∈ Z with |g|m ≤ |f |.
C. Detn−q−1M(ρ1, . . . , ρn−1) is the ideal generated by the
(n− q − 1)× (n− q − 1)
subdeterminants of M(ρ1, . . . , ρn−1). If ρi ∈ I+q (xo) then
Detn−q−1M(ρ1, . . . , ρn−1) ⊂ I+q (xo).
Definition 8.8. The ideals I+q,k(xo) are defined by induction on k as fol-
lows:
I+q,1(xo) = R
√
Detn−q−1M(0, . . . , 0),
I+q,k+1(xo) = R
√(
I+q,k(xo), Detn−q−1M(ρ1, . . . , ρn−1) with ρi ∈ I+q,k(xo)
)
.
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Here
(
A,B, C, · · ·
)
denotes the ideal generated by {A ∪ B ∪ C ∪ · · ·}.
The ideals I−q,k(xo) are defined by setting I−q,k(xo) = I+n−q−1,k(xo). We set
Iq,k(xo) = I+q,k(xo) ∩ I−q,k(xo).
Remark. It then follows that I+q,k(xo) ⊂ I+q (xo), I−q,k(xo) ⊂ I−q (xo), and
Iq,k(xo) ⊂ Iq(xo). Furthermore, I+q,k(xo)⊂I+q+1,k(xo) and I−q,k(xo)⊃I−q+1,k(xo),
so that Iq,k(xo) = I+m,k(xo), where m = min{q, n− q − 1}.
Definition 8.9. If Ω is a pseudoconvex domain in a hermitian manifold
X with a smooth boundary M then xo ∈ M is of finite ideal q-type (for ∂¯) if
1 ∈ I+q,k(xo) for some k. If M is a pseudoconvex CR manifold and xo ∈ M
then xo ∈M is of finite ideal q-type (for ∂¯b) if 1 ∈ Iq,k(xo) for some k.
Thus, both for domains and CR manifolds finite ideal q-type implies that
subellipticity holds for (p, q)-forms. The question is whether this condition
is also necessary. For domains in two-dimensional manifolds, necessity was
proved by Greiner (see [G]). In this case the ideal finite type condition can be
expressed in terms of commutators of vector fields. The proof is easily gener-
alized to the case when the matrix (cIJ) is diagonalizable in a neighborhood of
xo. It also can be easily generalized to CR manifolds for which both matrices
(cIJ) and (cI′J ′) can be diagonalized in a neighborhood of xo. In case the
defining function for the boundary M is real analytic the results of Diederich
and Fornæss (see [DF]) were used in [K2] to prove that finite ideal type is
equivalent to subellipticity. In the general case Catlin proved that subelliptic-
ity is equivalent to finite D’Angelo type (see [C] and [D]). Thus the problem is
to prove that finite D’Angelo type is equivalent to finite ideal type.
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